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DOMAINS OF INJECTIVITY FOR THE GROSS HOPKINS PERIOD
MAP
Abstract. We determine the domain of injectivity of the Gross-Hopkins Period map
around each points in the deformation space for a fixed formal module F¯ of height 2 that
defined over a finite field. And then we will use this to conclude some local analyticity
result of the group action for the automorphism group of F¯ on the deformation space.
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1. Introduction
In this paper, we will show if we fixed γ > 0 and for any u0 in the deformation X s.t.
|u0| = γ, then the Gross-Hopkins Period map Φ is injective in {u : |u−u0| < (|π|γ−2)
1
q−1}.
More general, the distance between points in the same fiber Φ−1(Φ(u0)) is determined and
only depends on the norm γ. The proof bases on the relation between quasi-isogenies of a
fixed lifting of a fixed formal module F¯ . Then we can describe the fiber of the period map
and in particular the conclusion on domain of injectivity. In section 3, we will discuss the
image of the domain of injectivity. We will end the paper with the discussion on the local
analyticity using the result of [1] along with the domain of injectivity.
Notation: p is a prime and q is a power of p. K is an finite extension of Qp with residue
field Fq and uniformizer π. Denote A to be its ring of integers. The completion of the al-
gebraic closure ofQp is denoted by Cp with ring of integers oCp and the valuation ideal mCp.
A formal A−module law (F, [·]F ) over a A−algebra R is:
1
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(1) F (X, Y ) is a formal power series in two variables X, Y over R that satisfies:
F (X, Y ) = F (Y,X)(commutative), F (X,F (Y, Z)) = F (F (X, Y ), Z)(associative)
and F (X, Y ) = X + Y+higher order terms.
(2) [·]F : A → R[[X ]] such that for each a ∈ A, the power series [a]F is a homomor-
phism, that is, [a]F (F (X, Y )) = F ([a]F (X), [a]F (Y )) and [a]F (X) = a ·1X+higher
order terms where a · 1 is the image of a in R.
(F¯ , [·]F¯ ) is the height 2 formal A module law over Fq with [ζ ]F¯ (x) = ζx for ζ ∈ µq−1.
Here µn denotes the roots of unity of order divides n. K2 is the degree 2 unramified
extension of K with its ring of integers A2. D is the division algebra with center K with
invariant 1/2 and oD is it ring of integers. G is the automorphism group of F¯ which is
isomorphic to o∗D and has an induced action on the deformation space X = spf(A[[u]])
of F¯ . There is a universal deformation Fu over A[[u]] such that any deformation F of
F¯ over a complete noetherian local A-algebra R, is ∗-isomorphic to the push forward
of Fu under an unique map A[[u]] → R. In [3], there is a G−equivariant morphism
Φ = [φ0 : φ1] from X = X
rig = X ⊗K to (P1)rig and explicit formula for the coordinate
functions φ0 and φ1 is given there. We will denote Xγ = {u ∈ X(Cp) : |u| ≤ γ},
∂Xγ = {u ∈ X(Cp) : |u| = γ} and X◦γ = {u ∈ X(Cp) : |u| < γ} for γ > 0.
Terminology In this paper we often refer to a formal A-module law simply by formal
A-module.
2. Domains of Injectivity
2.1. The special case of quasi-canonical liftings.
2.1.1. In this paragraph, let O be the ring of integers for the unramified field extension
K[ζq2−1] of K where ζq2−1 is an primitive q
2 − 1 root of unity.
Let M be the completion of the maximal unramified field extension and W be its ring of
integers.
From [2, prop. 5.3], we know that if u0 is a quasi-canonical lifting of level s > 0, then
u0 is an uniformizer of the ring of integers W
′ of an abelian extension of M ′/M . The
Galois group Gal(M ′/M) ≃ (O/πsO)×/(A/πsA)× acts simply transitively on the quasi-
canonical lifting of level s. In particular |u0| = |π|
1
qs+qs−1 .
The (upper numbering) ramifications subgroups of Gal(M ′/M) are given by:
Gal(M ′/M) = G0 ) G1 ) · · · ) Gs = { e }
where Gi ≃ (A+ πiO/πsO)×/(A/πsA)×.
This is because we can find a finite abelian extension M ′′/M generated by torsion points
F˜ [πs] = {α ∈ mCp | [πn](α) = 0} of a height 1 formal O−module F˜ , where F˜ is a lift-
ing of F¯ over O. Then from [7, ch. III, sec. 8], we get the ramification subgroups of
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Gal(M ′′/M)i ≃ (1 + πiO)/(1 + πsO) for 1 ≤ i ≤ s. Since M ′ is a subextension with
Gal(M ′′/M ′) ≃ (A+ πsO/πsO)×, we get the corresponding ramification subgroups.
Define ψ(v) =
∫ v
0
[G0 : Gt]dt.
For integers 0 ≤ n ≤ s,
ψ(n) =
n∑
i=1
(q + 1)qi−1 =
(q + 1)(qn − 1)
q − 1
.
So the (lower numbering) ramifications subgroups are
Gal(M ′/M) = G0 ) Gq+1 ) · · · ) G (q+1)(qs−1)
q−1
= { e }.
If g ∈ G (q+1)(qn−1)
q−1
\G (q+1)(qn+1−1)
q−1
, then
|g · u0 − u0| = |u0|1+
(q+1)(qn−1)
q−1 = |u0|
qn+1+qn−2
q−1 = |π|
qn+1+qn−2
qs−1(q2−1)
for 0 ≤ n ≤ s− 1.
So there are exactly q − 1 quasi-canonical liftings of level s contained in { u : |u− u0| =
|π|
qs+qs−1−2
qs−1(q2−1) }; there are exactly q2 − q quasi-canonical liftings of level s contained in
{ u : |u− u0| = |π|
qs−1+qs−2−2
qs−1(q2−1) }; . . . ; there are exactly qs−1− qs−2 quasi-canonical liftings
of level s contained in { u : |u − u0| = |π|
q2+q1−2
qs−1(q2−1) }, and there are exactly qs quasi-
canonical liftings of level s contained in { u : |u− u0| = |π|
1
qs−1(q+1) }.
2.1.2. Now in this paragraph, let O be the ring of integers for the ramified field extension
K[
√
π] of K where
√
π is one of the square root of π.
Let M be the completion of the maximal unramified field extension of K[
√
π] and W be
its ring of integers.
Similarly, from [2, prop. 5.3], we know that if u0 is a quasi-canonical lifting of level s > 0,
then u0 is an uniformizer of the ring of integers W
′ of an abelian extension of M ′/M .
The Galois group Gal(M ′/M) ≃ (O/πsO)×/(A/πsA)× acts simply transitively on the
quasi-canonical lifting of level s. In particular |u0| = |
√
π| 1qs = |π| 12qs .
The (upper numbering) ramifications subgroups of Gal(M ′/M) are given by:
Gal(M ′/M) = G0 = G1 ) G2 = G3 ) · · · ) G2s−2 = G2s−1 ) G2s = { e }
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where G2i ≃ (A+ πiO/πsO)×/(A/πsA)×.
This is because we can find a finite abelian extension M ′′/M generated by torsion points
F˜ [
√
π
2s
] of a height 1 formal O−module F˜ , where F˜ is a lifting of F over O. Then from [7,
ch. III, sec. 8], we get the ramification subgroups of Gal(M ′′/M)j ≃ (1+√πjO)/(1+πsO)
for 1 ≤ j ≤ 2s. Since M ′ is a subextension with Gal(M ′′/M ′) ≃ (A+πsO/πsO)×, we get
the corresponding ramification subgroups.
Define ψ(v) =
∫ v
0
[G0 : Gt]dt.
For integers 1 ≤ n ≤ s,
ψ(2n− 1) = 1 +
n∑
i=2
2qi−1 = 2
(qn − 1)
q − 1 − 1
.
So the (lower numbering) ramifications subgroups are
Gal(M ′/M) = G1 ) G2q+1 ) · · · ) G2 (qs−1)
q−1
−1
) { e }.
If g ∈ G
2 (q
n
−1)
q−1
−1
\G
2 (q
n+1
−1)
q−1
−1
, then
|g · u0 − u0| = |u0|2
(qn−1)
q−1 = |π| q
n
−1
qs(q−1)
for 1 ≤ n ≤ s.
So there are exactly q − 1 quasi-canonical liftings of level s contained in { u : |u −
u1| = |π|
qs−1
qs(q−1) }; there are exactly q2 − q quasi-canonical liftings of level s contained in
{ u : |u − u1| = |π|
qs−1−1
qs(q−1) }; . . . , and there are exactly qs − qs−1 quasi-canonical liftings
of level s contained in { u : |u− u1| = |π|
1
qs }.
2.2. Facts from Lubin’s papers.
2.2.1. In this section, We will need argument in Lubin’s paper [5] .
Let’s begin with recalling some results in [4]. For any deformation (F, [·]) of (F¯ , [·]F¯ ) over a
complete local noetherian A-algebra R inside oCp, the torsions submodules F [π
n] = {α ∈
mCp | [πn](α) = 0} is a free A/πn of rank 2. If C is a submodule of F [πn] for some n,
then define f(x) =
∏
α∈C F (x, α) and there exists another formal A module (FC , [·]C) over
R[[α]]α∈C s.t. this f is the formal A module homomorphism from (F, [·]) to (FC , [·]C) with
kernel C. We called that f is a quasi-isogeny of height m if C has qm elements. Quasi-
isogeny induce an equivalence relation on the deformation space. For example, there is
DOMAINS OF INJECTIVITY FOR THE GROSS HOPKINS PERIOD MAP 5
another quasi-isogeny g : (FC , [·]C)→ (F, [·]) of heightm s.t. g◦f = [π]F and f ◦g = [π]FC .
Suppose u0 ∈ X(Cp) with |u0| = γ. Consider the formal typical A module (Fu0 , [·]u0) over
A[[u0]] as a deformation of F¯ corresponding to u0. Since Fu0[π] is 2-dimensional Fq = A/π
vector space, there are q + 1 distinct subspaces, denoted them by Ci, i = 1, 2, . . . , q + 1.
Define (Fi, [·]i) the formal module and fi =
∏
α∈Ci
F (x, α) s.t. fi is a quasi-isogeny of
height 1. Notice that [ζ ]i(x) = ζx as [ζ ]u0 = ζx and fi(ζx) = ζfi(x) for ζ s.t. ζ
q−1 = 1.
As a consequence, [π]i(x) only has terms in degrees of the form 1+n(q−1) for some n ≥ 0.
For each Fi, there is a ui ∈ X(Cp) with corresponding deformation (Fui , [·]ui) s.t. (Fui, [·]ui)
is strictly isomorphic to (Fi, [·]i) by an unique isomorphism θi, see [3] prop 12.10 and [6]
prop 3.1. So we have the quasi-isogeny θi ◦ fi : (Fu0, [·]u0)→ (Fui , [·]ui).
Definition 2.2.2. We will simply call ui and u0 are corresponds (by a quasi-isogeny) of
height 1.
If we look closer to ui given by a u0, there are two possibilities, for details, see [5]:
(Case 1) If |u0| = γ ≤ |π|
q
q+1 , then all non zero elements in Fu0 [π] has norm |π|
1
q2−q and
all ui has norm |π|
1
q+1 .
(Case 2) If γ > |π| qq+1 , then q2 − q elements in Fu0 [π] has norm γ
1
q2−q and q − 1 elements
has smaller norm ( |pi|
γ
)
1
q−1 . We can choose the generator β of Cq+1 to be the one has norm
( |pi|
γ
)
1
q−1 . Then |uq+1| < |ui| = γ
1
q for i 6= q + 1.
We can always factor f into the composition of n quasi-isogenies of height 1.
2.3. Period map and quasi-isogeny.
2.3.1. Under the period map Φ, all ui, i = 1, 2, . . . , q + 1 that correspond to the same
u0 has the same image. Indeed, we have the following proposition:
Proposition 2.3.2. Suppose u0, u1 ∈ X(Cp) and u1 correspond to u0. Then
[φ0(u1), φ1(u1)] = [πφ1(u0), φ0(u0)].
Proof. The argument is similar to that of proving the vector bundle Lie(Eu) of the de-
formation space is generically flat where Eu is the Universal additive extension of the
universal deformation Fu. Cf [3] section 22. We have an exact sequence of formal A-
modules:
0→ Ga ⊗ Ext(Fu,Ga)→ Eu → Fu → 0
and hence an exact sequence of free A[[u]]-modules:
0→ Lie(Ga ⊗ Ext(Fu,Ga)) ψ→ Lie(Eu) = Hom(RigExt(Fu,Ga), A[[u]]) ϕ→ Lie(Fu)→ 0.
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From [3] Section 21, there exists c0, c1 ∈ Hom(RigExt(Fu,Ga), S)
= H0(X⊗K2,Lie(Eu)⊗A[[u]](OX⊗K2)) that forms a basis over S = H0(X⊗K2,OX⊗K2).
Let’s recall the definition of c0 and c1. Here RigExt(Fu,Ga) is a free A[[u]]-module of
rank 2 with basis represented by quasi-logarithm g0(u, x), g1(u, x) ∈ S[[x]]. The (quasi-
)logarithm g0(u, x) satisfies the functional equation
g0(u, x) = x+
u
π
g0(u
q, xq) +
1
π
g0(u
q2, xq
2
)
and g1(u, x) =
∂
∂u
g0(u, x). Any quasi-logarithm of Fu is of the form gu(x) = g(u, x) =∑
k≥0mk(u)x
qk where mk(u) ∈ S. And
c0(g)(u) := lim π
km2k(u)
and
c1(g)(u) := lim π
km2k−1(u).
In particular, ci(gj)(0) = δij for 0 ≤ i, j ≤ 1.
The period map is defined by u 7→ [φ0(u), φ1(u)] where φi(u) = ci(g0)(u). The vector
(φ0(u), φ1(u)) here is the normal vector to the subspace given by the image of ψ. Indeed, if
we identify Lie(Fu) with A[[u]], ϕ(c) = c(g0) where c ∈ Lie(Eu) = Hom(RigExt(Fu,Ga), A[[u]]).
And thus ψ ⊗ S(Lie(Ga ⊗Ext(Fu,Ga))⊗ S) = {a0c0 + a1c1 ∈ Lie(Eu)⊗ T : a0φ0(u) +
a1φ1(u) = 0}.
Suppose f is the quasi-isogeny of height 1 from Fu0 to Fu1 that defined over T where T
is a finite extension of ̂K2(u0, u1), then we have the following commutative diagram
(2.3.3)
0 → Lie(Ga ⊗Ext(Fu0 ,Ga))⊗ T → Lie(Eu0)⊗ T → Lie(Fu0)⊗ T → 0
↓ ↓ ↓
0 → Lie(Ga ⊗Ext(Fu1 ,Ga))⊗ T → Lie(Eu1)⊗ T → Lie(Fu1)⊗ T → 0
where the vertical maps are induced from f .
Here the middle vertical map sends ci to c˜i where c˜i(g)(u1) = ci(g◦(f))(u1). It follows from
the commutative diagram 2.3.3 that the vector (c˜0(g0)(u1), c˜1(g0)(u1)) = C(φ0(u0), φ1(u0))
for some constant C ∈ T .
Now we need to compute c˜i(g0)(u1) = ci(g0 ◦ f)(u1).
Because the coefficients of f(x) − xq have norm strictly less than 1. Then Prop 22.2 in
[3] implies c˜i(g0)(u1) = ci(g0 ◦ (xq))(u1). It is not hard to check that c0(g0 ◦ (xq))(u1) =
πc1(g0)(u1) and c1(g0◦(xq))(u1) = c0(g0)(u1). we can then conclude that C 6= 0 and hence
the result.

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Hence if we look at a fiber Φ−1(w) restricted to an annulus {u ∈ X(Cp) | |u| = γ}, de-
noted by ∂Xγ , then they all come from a single u0 with |u0| < |π|
1
q+1 in the following sense:
For u1 ∈ Φ−1(w) ∩ ∂Xγ , there exists a free A/πn rank 1 submodule C in Fu0 [πn], where
n is the smallest integer with γq
n
< |π| 1q+1 , s.t. C is the kernel for a quasi-isogeny
f : (Fu0 , [·]u0)→ (Fu1 , [·]u1) of height n.
2.4. Main result for fiber of the period map.
2.4.1. Let me state the main result:
Theorem 2.4.2. (1) Suppose γ is not of the form |π| 1qs+qs+1 for s ≥ 0 and u1 ∈ ∂Xγ .
Then we can order the element in Φ−1(Φ(u1)) ∩ ∂Xγ as u1, u2, . . . , uqn where n is
the smallest non-negative integer with γq
n
< |π| 1q+1 such that
|ui − u1| = ( |π|
γ2qj−1
)
1
qj−qj−1
for 1 ≤ j ≤ n and qj−1 < i ≤ qj.
(2) Suppose γ = |π| 1qs+qs+1 for some s ≥ 0 and u1 ∈ ∂Xγ. Then we can order the
element in Φ−1(Φ(u1)) ∩ ∂Xγ as u1, u2, . . . , uqs+qs+1 such that
|ui − u1| = ( |π|
γ2qj−1
)
1
qj−qj−1
for 1 ≤ j ≤ s and qj−1 < i ≤ qj and |ui − u1| = γ(= ( |pi|γ2qs )
1
qs+1−qs ) for i > qs.
We need several lemmas before proving the theorem.
Lemma 2.4.3. Suppose |u0| = γ and ui, for i = 1, 2, . . . , q + 1 corresponds to u0 of height
1.
(1) Suppose γ > |π| qq+1 . We assume uq+1 is the only one that has smaller norm. Then
|ui − uj| ≤ |π|
1
q−1γ
−2
q2−q for 1 ≤ i, j ≤ q.
(2) Suppose |u0| = γ ≤ |π|
q
q+1 , then |ui − uj| ≤ |π|
1
q+1 ∀ i, j.
Proof. (1) Assume αi is the generator of Ci as in paragraph 2.2.1. Then |αi| > |αq+1|
for i 6= q+1. For distinct i, j that are both less than q+1, αi = Fu0(ξαj, ζαq+1) for
some ξ, ζ ∈ µq−1. Without loss of generality, assume ξ = 1. Then |αi−αj | = |αq+1|
as Fu0(x, y)−x− y is divisible by xy. Therefore, |(αi)q−1− (αj)q−1| = |αi|q−2|αi−
αj| = (γ
1
q2−q )q−2(( |pi|
γ
)
1
q−1 ) = |π| 1q−1γ −2q2−q .
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By Lemma 2.4.4 below, we have fi ≡ fj mod (α1)q−2(αq+1)oCp
as fi(x) =
∏
α∈Ci
F (x, α) = x(
∏q−1
l=1 Fu0(x, (ζq−1)
lαi)).
Since fi are homomorphism, [a]i ◦ fi = fi ◦ [a]u0 where a ∈ A and hence modulo
(α1)
q−2(αq+1)oCp, we have
[a]i ◦ fi = fi ◦ [a]u0 ≡ fj ◦ [a]u0 = [a]j ◦ fj ≡ [a]j ◦ fi.
Because fi is distinguish at degree q and that coefficient is unit, we must have [a]i ≡
[a]j mod (α1)
q−2(αq+1)oCp. Similarly, Fi(x, y) ≡ Fj(x, y) mod (α1)q−2(αq+1)oCp.
Since the universal deformation is functorial, |ui − uj| ≤ |π|
1
q−1γ
−2
q2−q .
(2) It is clear as |ui| = |π|
1
q+1 for all i.

Lemma 2.4.4. Let g(x, y) =
∏q−1
i=1 Fu0(x, (ζq−1)
iy) ∈ oCp[[x, y]].
Then
(1) g(x, y) ∈ oCp[[xq−1, yq−1]]
(2) g(x, y) = −g(y, x)
(3) g(x, 0) = xq−1
Proof. Since [ζq−1]u0(x) = ζq−1x, Fu0(ζq−1x, ζq−1y) = ζq−1Fu0(x, y). Hence g(ζq−1x, y) =∏q−1
i=1 Fu0(ζq−1x, (ζq−1)
iy) = (ζq−1)
q−1g(x, y) = g(x, y). Hence g(x, y) ∈ oCp[[xq−1, y]].
Next, g(y, x) =
∏q−1
i=1 Fu0(y, (ζq−1)
ix) =
∏q−1
i=1 Fu0((ζq−1)
ix, y) = (ζq−1)
q(q−1)
2 g(x, y) =
−g(x, y).
Finally, g(x, 0) = (Fu0(x, 0))
q−1 = xq−1.

Lemma 2.4.5. Continuity of Hecke correspondence
(1) Suppose γ > |π| qq+1 and u0, u′0 ∈ ∂Xγ. Let ui (respectively u′i) i = 1, 2, . . . , q + 1
correspond to u0 (respectively u
′
0) of height 1 such that |uq+1| (respectively |u′q+1|)
is smallest. Assume |u0 − u′0| ≤ d.
(a) If d < |π| qq−1γ −2q−1 , then for each u′j, j < q+1, there is some ui, i < q+1 such
that |ui − u′j| < d|π|−1γ
2
q
(b) If |π| qq−1γ −2q−1 ≤ d ≤ γ, then for each u′j, j < q + 1, |ui − u′j| ≤ d
1
q for any
i < q + 1.
(2) Suppose u0, u
′
0 ∈ X|pi| qq+1 . Let ui (respectively u
′
i) i = 1, 2, . . . , q + 1 correspond to
u0 (respectively u
′
0) of height 1. Assume |u0 − u′0| ≤ d ≤ γ.
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Then for any u′j, there exists ui such that |ui − u′j| < d|π|
1−q
q+1 .
Proof. (1) Before we start, let look at the set Fu0[π]. If {α, β} is a basis with |β| < |α|.
Then any nonzero element is either of the form ξα, ζβ or Fu0(ξα, ζβ) where
ζ, ξ ∈ µq−1.
We observe that |α − ξα| = |α − Fu0(ξα, ζβ)| = |α − ζβ| = |α| if ξ 6= 1 and
|α− Fu0(α, ζβ)| = |β|.
Suppose α′ ∈ Fu′0 [π] generates the kernel of the quasi-isogeny from u′0 to u′j, in
particular, |α′| = γ 1q2−q . Choose α ∈ Fu0 [π] with minimal |α− α′|.
If |α− α′| < |β|, then∣∣∣∣∣∣
∏
η∈Fu0 [pi]
(α′ − η)
∣∣∣∣∣∣ = |α− α
′||β|q−1|α|q2−q = |π||α− α′|.
If |β| ≤ |α− α′| ≤ |α|, then∣∣∣∣∣∣
∏
η∈Fu0 [pi]
(α′ − η)
∣∣∣∣∣∣ = |α− α
′|q|α|q2−q = γ|α− α′|q.
On the other hand,∣∣∣∣∣∣
∏
η∈Fu0 [pi]
(α′ − η)
∣∣∣∣∣∣ = |[π]u0(α
′)| = ∣∣[π]u0(α′)− [π]u′0(α′)
∣∣ ≤ d|α′|q = dγ 1q−1
as (u0 − u′0) divides every coefficients of [π]u0(x)− [π]u′0(x) and the first non zero
term is of degree q.
(a) Suppose d < |π| qq−1γ −2q−1 .
Claim: |α− α′| ≤ d|π|−1γ 1q−1 (< |β|).
If |α− α′| ≥ |β|, then the above steps show γ|α− α′|q ≤ dγ 1q−1 < |π| qq−1γ −1q−1 .
Hence |α− α′| < ( |pi|
γ
)
1
q−1 = |β| which is a contradiction.
So |α− α′| < |β| and so |π||α− α′| ≤ dγ 1q−1 and hence |α− α′| ≤ d|π|−1γ 1q−1 .
Furthermore, |αq−1 − (α′)q−1| ≤ d|π|−1γ 1q−1 |α|q−2 = d|π|−1γ 2q .
Let α ∈ Fu0[π] generates the kernel of the quasi-isogeny from u0 to some ui.
Then fi(x) = x
∏q−1
l=1 Fu0(x, (ζq−1)
lα) and f ′j(x) = x
∏q−1
l=1 Fu′0(x, (ζq−1)
lα′).
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Since |u0 − u′0| ≤ d, [a]u0(x) ≡ [a]u′0(x) for a ∈ A and Fu0(x, y) ≡ Fu′0(x, y)
mod Id where Id := {a ∈ Cp | |a| ≤ d}. Hence,
fi(x) ≡ x
∏q−1
l=1 Fu′0(x, (ζq−1)
lα) mod Id
≡ fj(x) mod (π−1α2q−2)Id by Lemma 2.4.4
Because |π−1α2q−2| = |π|−1γ 2q > 1, so Id ⊂ (π−1α2q−2)Id. Hence fi ≡ f ′j mod
(π−1α2q−2)Id.
Therefore,
[a]i ◦ fi = fi ◦ [a]u0 ≡ f ′j ◦ [a]u′0 = [a]j′ ◦ f ′j ≡ [a]j′ ◦ fi
mod (π−1α2q−2)Id for a ∈ A. As fi is distinguish at degree q with correspond-
ing coefficient is unit, we conclude [a]ui ≡ [a]u′j mod (π−1α2q−2)Id. Similarly
for Fi(x, y) and F
′
j(x, y). Since the universal deformation is functorial, we
have |ui − u′j| ≤ d|π|−1γ
2
q .
(b) Suppose |π| qq−1γ −2q−1 ≤ d ≤ γ.
Claim: |α− α′| ≤ d 1q γ
2−q
q2−q .
If |α − α′| > d 1q γ
2−q
q2−q ≥ |π| 1q−1γ −1q−1 = |β|, then γ|α − α′|q ≤ dγ 1q−1 implies
|α− α′| ≤ d 1q γ 2−qq2−q which is a contradiction.
So |α− α′| ≤ d 1q γ 2−qq2−q and |αq−1 − (α′)q−1| ≤ d 1q γ 2−qq2−q |α|q−2 = d 1q .
Since d
1
q > d, so the arguments in part 1(a) holds and hence |ui−u′j| ≤ d
1
q . No-
tice also that d
1
q ≥ |π| 1q−1γ −2q2−q . Therefore, |u′j−ui| ≤ d
1
q for all i = 1, 2, . . . , q.
(2) Suppose u0, u
′
0 ∈ X|pi| qq+1 . Then every non zero element in Fu0 [π] has same norm
|π| 1q2−1 and any two distinct elements has distance |π| 1q2−1 .
Suppose α′ ∈ Fu′0 [π] generates the kernel of the quasi-isogeny from u′0 to u′j.
Choose α ∈ Fu0 [π] with minimal |α − α′|. Let α generates the kernel of the
quasi-isogeny from u0 to some ui. Then∣∣∣∣∣∣
∏
η∈Fu0 [pi]
(α′ − η)
∣∣∣∣∣∣ = |α− α
′||α|q2−1 = |π||α− α′| ≤ d|α′|q
as in part (1).
Hence |α − α′| ≤ d|π|
1+q−q2
q2−1 and |αq−1 − (α′)q−1| ≤ d|π|
−1+2q−q2
q2−1 = d|π| 1−qq+1 > d. So
the same arguments show |ui − u′j| ≤ d|π|
1−q
q+1 .

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Remark 2.4.6. We may ask whether the arguments apply to |uq+1 − u′q+1| in the situ-
ation in part (1) of Lemma 2.4.5. And in most cases, we can only get |uq+1 − u′q+1| ≤ d
due to the difference [π]u0 ◦ fq+1 − [π]u′0 ◦ f ′q+1 is determined by uq+1 − u′q+1 instead of
fq+1 − f ′q+1. The case that the arguments go through is when |π|
q
q+1 < γ ≤ |π| 12 and so
|uq+1 − u′q+1| ≤ d|π|γ−2. Notice that in this case, |uq+1| = |pi||u0| =
|pi|
γ
.
Proof of Theorem 2.4.2. Weierstrass Preparation theorem would be useful in the proof,
so we need the following definition:
Definition 2.4.7. A power series ψ(x) =
∑
anx
n ∈ Cp[[x]] is called distinguished of degree
N over Xr if
• |aN |rN = sup{ |an|rn , r ≥ 0 }
• ∀ r > N , |an|rn < |aN |rN
If ψ(x) is distinguished of degree N over Xr, then ψ(x) has exactly N roots(including
multiplicity) in Xr. Furthermore, if the coefficients of ψ(x) are contained in some finite
extension of Qp, then all roots in Xr are algebraic.
We will use induction on n to prove the theorem.
When n = 0, the statement holds automatically as Φ is injective on {|u| < |π| 1q+1}. It
can be seen by looking at the coordinate function φ0 and φ1 of Φ and observe that the
function φ1(u) − wφ(u) is distinguish of degree 1 for u ∈ {|u| < |π|
1
q+1} and for a fixed
w ∈ Φ({|u| < |π| 1q+1}). For the explicit formula of φ0 and φ1, see [3] sec 25.
When n = 1, either γ = |π| 1q+1 or |π| 1q+1 < γ < |π| 1q2+q .
If γ = |π| 1q+1 and |u1| = γ, then there is a |u0| ≤ |π|
q
q+1 s.t. u1 correspond to u0 of height
1. Let us change our notation and use u1,1 for u1 and u0,1 for u0. Let u1,2, . . . , u1,q+1 be the
elements that also correspond to u0,1. We will show that the equalities |u1,1−u1,i| = |π|
1
q+1
hold for i 6= 1.
Define ψ(x) = φ0(u1,1)φ1(x)− φ1(u1,1)φ0(x) ∈ Cp[[x]] for |x| ≤ |π|
1
q+1 .
Then
(1) ψ(x) is distinguish of degree q+1 for |x| ≤ |π| 1q+1 and the corresponding coefficient
has norm |π| −qq+1 .
(2) {u1,i} are simple roots of ψ in Xγ .
(3) |∂ψ
∂x
(u1,1)| = |ǫ(u1,1)| = 1. see [3] sec 25.
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So |∏i 6=1(u1,i − u1,1)||π| −qq+1 = 1. However, |∏i 6=1(u1,i − u1,1)| ≤ |π| qq+1 by Lemma 2.4.3
(2). Therefore, we can conclude that |u1,i − u1,1| = |π|
1
q+1 for all i 6= 1.
If |π| 1q+1 < γ < |π| 1q2+q , then there exists u0 s.t. |π|
q
q+1 < |u0| = γq < |π|
1
q+1 and u1
corresponds to u0 of height 1. Let u1, u2, . . . , uq+1 correspond to u0 with |uq+1| is smallest.
Define u1,i = ui for i 6= q + 1, u0,1 = u0 and v0,1 = uq+1. In particular, |v0,1| = |pi||u0| and
|π| qq+1 < |v0,1| < |π|
1
q+1 .
Define ψ(x) = φ0(u1,1)φ1(x)− φ1(u1,1)φ0(x) ∈ Cp[[x]] for |x| ≤ γ.
Then
(1) ψ(x) is distinguish of degree q + 1 for |x| ≤ γ and the corresponding coefficient
has norm |π|−1γ.
(2) {u1,i}i=1,...,q ∪ {v0,1} are simple roots of ψ in Xγ.
(3) |∂ψ
∂x
(u1,1)| = |ǫ(u1,1)| = 1.
So |∏qi=2(u1,i−u1,1)||v0,1−u1,1||π|−1γ = 1, implies |∏qi=2(u1,i−u1,1)| = |π|γ−2. Meanwhile,
|∏qi=2(u1,i−u1,1)| ≤ |π|γ−2 by Lemma 2.4.3 (1). So we conclude |u1,1−u1,i| = |π| 1q−1γ −2q−1
for each i 6= 1.
Now assume Theorem 2.4.2 holds for γ < |π| 1qn+qn+1 for some n ≥ 1.
We need to show that the statement holds for |π| 1qn+qn+1 ≤ γ < |π| 1qn+1+qn+2 .
Suppose γ = |π| 1qn+qn+1 . Fix a u1 ∈ ∂Xγ . Denote un+1,1 = u1. There exists un,1 cor-
responds to un+1,1 with norm γ
q. There exists un−1,1 corresponds to un,1 with norm
γq
2
and so on. Then we have ul,1 for l = 0, 1, . . . , n + 1 with |u0,1| ≤ |π|
q
q+1 and
|ul,1| = γqn+1−l = |π|
1
ql+ql−1 for l > 0. Set u0,2 = u0,1for convenience. Further more,
there exists ul,m for 1 ≤ l ≤ n+ 1 and 1 ≤ m ≤ ql + ql−1 such that |ul,m| = |ul,1| and ul,m
corresponds to ul−1,⌊m−1q ⌋+1 where ⌊z⌋ denote the integral part of z. Then ul,m has same
image under Φ as un+1,1 if n + 1− l is even.
Here, we want to show |un+1,1−un+1,m| = ( |pi|γ2qj−1 )
1
qj−qj−1 for 1 ≤ j ≤ n and qj−1 < m ≤ qj,
or equivalent, both un+1,m and un+1,1 correspond to un+1−j,1 of smallest possible height j.
And want to show |un+1,1 − un+1,m| = γ for m > qn.
Define ψ(x) = φ0(un+1,1)φ1(x)− φ1(un+1,1)φ0(x).
Then
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|u|< Π qHq+1L
|u|= Π 1Hq+1L
|u|= Π 1Iq+q2M
u01 u11
u12
u13
u21
u22
u25
u26
u23
u24
Figure 1. Illustration when q = 2 and |u01| ≤ |π|
q
q+1
(1) ψ(x) is distinguish of degree qn+1 + qn + · · ·+ 1 for |x| ≤ |π| 1qn+qn+1 and the cor-
responding coefficient has norm |π|−n−1γqn+qn−1+···+1.
(2) {ul,m}n+1−l is even are simple roots of ψ in Xγ.
(3) |∂ψ
∂x
(un+1,1)| = |ǫ(un+1,1)| = 1.
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So ∣∣∣∣∣∣∣
⌊n+12 ⌋∏
i=1

q
n−2i+qn−2i+1∏
m=1
(un+1,1 − un+1−2i,m)


∣∣∣∣∣∣∣
∣∣∣∣∣∣
qn+qn+1∏
m=2
(un+1,1 − un+1,m)
∣∣∣∣∣∣
= |π|n+1 γ−qn−qn−1−···−1.
Since |(un+1,1 − un+1−2i,m)| = γ for i > 0, the above equality becomes∣∣∣∣∣∣
qn+qn+1∏
m=2
(un+1,1 − un+1−2i,m)
∣∣∣∣∣∣ = |π|
n+1γ−q
n−2qn−1−2qn−2−···−2.
On the other hand, from the induction hypothesis, we get |un,1−un,m| = ( |pi|(γq)2qj−1 )
1
qj−qj−1
for 1 ≤ j ≤ n − 1 and qj−1 < m ≤ qj and |un,1 − un,m| = γq for m > qn−1. Apply
Lemma 2.4.5 and Lemma 2.4.3(2) to {un,m}, then we get |un+1,1−un+1,m| ≤ ( |pi|γ2qj−1 )
1
qj−qj−1
for 1 ≤ j ≤ n and qj−1 < m ≤ qj and |un+1,1 − un+1,m| ≤ γ for m > qn. Hence,
|∏qn+qn+1m=2 (un+1,1 − un+1−2i,m)| ≤ |π|n+1γ−qn−2qn−1−2qn−2−···−2. So we conclude |un+1,1 −
un+1,m| = ( |pi|γ2qj )
1
qj+1−qj for 1 ≤ j ≤ n and qj−1 < m ≤ qj and |un+1,1 − un+1,m| = γ for
m > qn.
Suppose |π| 1qn+qn+1 < γ < |π| 1qn+1+qn+2 Fix a u1 ∈ ∂Xγ . Denote un+1,1 = u1. There exists
un,1 corresponds to un+1,1 with norm γ
q. There exists un−1,1 corresponds to un,1 with
norm γq
2
and so on. Then we have ul,1 for l = 0, 1, . . . , n + 1 with |ul,1| = γqn+1−l for
l ≥ 0. There is an unique v0,1 corresponds to u0,1 with |v0,1| = |pi||u0,1| . There exists ul,m for
1 ≤ l ≤ n+1 and 1 ≤ m ≤ ql such that |ul,m| = |ul,1| and ul,m corresponds to ul−1,⌊m−1q ⌋+1.
And there exists vl,m for 1 ≤ l ≤ n and 1 ≤ m ≤ ql such that |vl,m| = |v0,1|
1
ql and vl,m
corresponds to vl−1,⌊m−1q ⌋+1. Notice that |ul,m| < |un+1,1| as well as |vl,m| < |un+1,1| for
l < n+1. Here ul,m as well as vl−1,m has the same image as un+1,1 under Φ if n+1−l is even.
We need to show |un+1,1− un+1,m| = ( |pi|γ2qj−1 )
1
qj−qj−1 for 1 ≤ j ≤ n+ 1 and qj−1 < m ≤ qj.
Define ψ(x) = φ0(un+1,1)φ1(x)− φ1(un+1,1)φ0(x).
Then
(1) ψ(x) is distinguish of degree qn+1 + qn + · · ·+ 1 for |x| ≤ |π| 1qn+qn+1 and the cor-
responding coefficient has norm |π|−n−1γqn+qn−1+···+1.
(2) {ul,m}n+1−l is even
∐{vl−1,m}n+1−l is even are simple roots of ψ in Xγ .
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|u|< Π qHq+1L
|u|= Π 1Hq+1L
|u|= Π 1Iq+q2M
u11
u12
u23
u24
u01
v01
u22
u21
v12
v11
Figure 2. Illustration when q = 2 and |π| qq+1 < |u01| < |π|
1
q+1
(3) |∂ψ
∂x
(un+1,1)| = |ǫ(un+1,1)| = 1.
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So ∣∣∣∣∣∣∣
⌊n+12 ⌋∏
i=1

q
n+1−2i∏
m=1
(un+1,1 − un+1−2i,m)


∣∣∣∣∣∣∣
∣∣∣∣∣∣
qn+1∏
m=2
(un+1,1 − un+1,m)
∣∣∣∣∣∣
×
∣∣∣∣∣∣∣
⌊n2 ⌋∏
i=0

q
n−2i∏
m=1
(un+1,1 − vn−2i,m)


∣∣∣∣∣∣∣
= |π|n+1γ−qn−qn−1−···−1.
Hence,
∣∣∣∏qn+1m=2 (un+1,1 − un+1,m)
∣∣∣ = |π|n+1γ−2qn−2qn−1−···−2.
But the induction hypothesis implies
∣∣∣∏qn+1m=2 (un+1,1 − un+1,m)
∣∣∣ ≤ |π|n+1γ−2qn−2qn−1−···−2.
Therefore, we conclude |un+1,1 − un+1,m| = ( |pi|γ2qj−1 )
1
qj−qj−1 for 1 ≤ j ≤ n + 1 and
qj−1 < m ≤ qj.

Corollary 2.4.8. The equality of Lemma 2.4.3 holds and Lemma 2.4.5 1(a) holds for unique
i.
Corollary 2.4.9. Φ is injective on X◦
|pi|
1
q+1
. Also, for γ ≥ |π| 1q+1 and any u0 ∈ ∂Xγ, Φ is
injective on {u ∈ X : |u− u0| < |π|
1
q−1γ
−2
q−1}. We call {u ∈ X : |u− u0| < |π|
1
q−1γ
−2
q−1}
the domain of injectivity around u0 with |u0| ≥ |π|
1
q+1 .
Proof. The dominating terms of φ0 on X
◦
|pi|
1
q+1
is the constant term and the dominating
terms of φ1 on X
◦
|pi|
1
q+1
is the linear term, so φ1
φ0
is dominated by the linear term and hence
is injective on X◦
|pi|
1
q+1
.
For other cases, observe that if γ ≥ |π| 1q+1 , then {u ∈ X : |u − u0| < |π|
1
q−1γ
−2
q−1} ∩
Φ−1 (Φ(u1)) has either 1 or 0 points if |u0| = |u1| = γ. Hence the result follows. 
Remark 2.4.10. In a previous version of this paper, the proof of Theorem 2.4.2 is done by
considering the Newton’s Polygon of the function ψ(x) = φ0(u0)φ1(u0+x)−φ1(u0)φ0(u0+
x).
3. Images of the Domains of Injectivity
Suppose |u0| = γ. And let [z : w] be the homogeneous coordinates on P1.
If |π| 1qs+qs−1 < γ < |π| 1qs+2+qs+1 for some odd s, then γ is not a critical radius of φ0, then
the image of domain of injectivity around u0 under Φ lies in {[1 : w] ∈ P1}. Indeed, for
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|u− u0| < |π|
1
q−1γ
−2
q−1
∣∣∣φ1(u)φ0(u) − φ1(u0)φ0(u0)
∣∣∣ =
∣∣∣∣
(
φ1
φ0
)′
(u0)
∣∣∣∣ |u− u0|
= 1
‖φ0‖2∂Xγ
|u− u0|
= |π|s+1γ−2(1+q+···+qs)|u− u0|.
Then Φ is a bijection from { u : |u− u0| < (|π|γ−2)
1
q−1 } to
{
w :
∣∣∣∣w − φ1(u0)φ0(u0)
∣∣∣∣ < |π|s+1γ−2(1+q+···+qs)(|π|γ−2) 1q−1 = |π|s+1+ 1q−1γ−2 q
s+1
q−1
}
.
In paricular, if γ = |π| 1qs+1+qs with s is odd, then |π|s+1+ 1q−1γ−2 q
s+1
q−1 = |π|s+1− 1q+1 .
Similarly, if γ = |π| 1qs+1+qs for some even s, then φ0
φ1
is a bijective map from
{ u : |u− u0| < (|π|γ−2)
1
q−1 } to
{
z :
∣∣∣∣z − φ0(u0)φ1(u0)
∣∣∣∣ < |π|sγ−2(1+q+···+qs)(|π|γ−2) 1q−1 = |π|s− 1q+1
}
.
Although (|π|γ−2) 1q−1 ց |π| 1q−1 , hence it is bounded below as s → ∞, the radius of the
image disc goes to zero as γ → 1.
4. Domains of Analyticity
4.1. Local analyticity of the group action.
4.1.1. Suppose g ∈ G = End(F¯ ⊗Fq2) ∼= o∗D with g = 1+πnξ with ξ ∈ µq2−1 and n ≥ 1.
In [1], Chai uses the action of g on the Cartier-Dieudonne module Mu of Fu to compute
the action on g on A2[[u]]/(π) = Fq2[[u]]. Mu is a left module generated by an element eu
over Cartier ring CartA(Fq2[[u]]) and eu is annihilated by F − V − 〈u〉 ∈ CartA(Fq2 [[u]]).
Suppose s = g · u ∈ Fq2[[u]]. Then g extends to a homomorphism from CartA(Fq2 [[u]])es
to CartA(Fq2[[u]])eu which sends es to eu+π
nξeu+
∑
m≥0 V
m 〈am(u)〉 eu for some am(u) ∈
Fq2 [[u]]. So eu+π
nξeu+
∑
m≥0 V
m 〈am(u)〉 eu and es are annihilated by F −V −〈s〉 and eu
is annihilated by F − V − 〈u〉. From this, [1] Theorem 1 part (2) conclude the followings
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congruence relation are true:
(4.1.2)


am(u) ∈ A2[[u]], ∀m
am(u) ≡ 0, ∀m ≥ n
an−1(u) ≡ (ξqn+1 − ξqn)uqn+qn−1+···+q+1
am(u) ≡ −uqm+1am+1(u), 0 ≤ m ≤ n− 2
u ≡ s(1 + a0(u))
The above hold modulo (π) + uq−p+(q/p)(q
n+···+q+1) when q > p and hold modulo (π) +
(up+2(p
n+···+p)) + (upa0(u)) when q = p. It is clear that
(π) + (uq−p+(q/p)(q
n+···+q+1)) ⊂ (π) + (u2qn+2qn−1+2qn−2+···+2q2+2q+3)
for q > p but we have to be careful for the case when q = p. In any case, we can deduce
from (4.1.2) that a0(u) 6≡ 0 modulo (π) + (uqn+2qn−1+2qn−2+···+2q2+2q+2) and hence
(π) + (up+2(p
n+···+p)) + (upa0(u)) ⊂ (π) + (uqn+2qn−1+2qn−2+···+2q2+2q+3).
Therefore, modulo (π) + (uq
n+2qn−1+2qn−2+···+2q2+2q+3),
a0(u) ≡ (−1)n−1(ξqn+1 − ξqn)uqn+2qn−1+2qn−2+···+2q2+2q+1
and
s ≡ u(1 + (−1)n(ξqn+1 − ξqn)uqn+2qn−1+2qn−2+···+2q2+2q+1)
≡ u+ (−1)n(ξqn+1 − ξqn)uqn+2qn−1+2qn−2+···+2q2+2q+2
≡ u+ (ξ − ξq)uqn+2qn−1+2qn−2+···+2q2+2q+2.
Similarly, when g = 1 + πDπ
nξ with ξ ∈ µq2−1 and n ≥ 0. g · u = s where s satisfies the
relation
(4.1.3)


am(u) ∈ A2[[u]], ∀m
am(u) ≡ 0, ∀m ≥ n+ 1
an(u) ≡ ξqn+2uqn+qn−1+···+q+1
am(u) ≡ −uqm+1am+1(u), 0 ≤ m ≤ n− 2
u ≡ s(1 + a0(u))
hold modulo (π)+(uq−p+(q/p)(q
n+···+q+1)) when q > p and hold modulo (π)+(up+2(p
n+···+p))+
(upa0(u)) when q = p. We can deduce that s ≡ umodulo (π)+(u2qn+2qn−1+2qn−2+···+2q2+2q+2).
Proposition 4.1.4. Suppose n > 0. The group 1 + πnoD acts local analytically on Ωn =
{u ∈ X(Cp) : |u| < |π|
1
qn+qn+1 }.
Proof. We know that for u0 ∈ Ωn, the period map Φ is bijective on ∆uo = {u : |u− u0| <
|πu−2o |
1
q−1}. And 1+πnoD acts analytically on Φ(∆u0). Since Φ is o∗D-equivariant, we only
need to prove that for g ∈ 1 + πnoD, |g · u0 − u0| < |πu−2o |
1
q−1}.
But the argument in [1] can show easily that 1 + πn+1oD acts trivially on u modulo
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(π) + (uq
n+1+qn+···+q+1). So the result state above enough to conclude that |g · u0 − u0| ≤
max{|π|, |u0|qn+2qn−1+2qn−2+···+2q2+2q+2} < |πu−2o |
1
q−1 for |u0| < |π|
1
qn+qn+1 and g ∈ 1 +
πnoD. 
A similar statement for 1 + πDπ
n
oD.
Proposition 4.1.5. Suppose n ≥ 0. The group 1 + πDπnoD acts local analytically on
Ωn := {u ∈ X(Cp) : |u| < |π|
1
2qn }.
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